While studying Cvetkovski's book "Inequalities: Theorems, Techniques and Selected Problems", we noticed a pattern from several three variable cyclic inequalities with sums of fractions. Using mathematical induction and AM-GM inequality, we proved our assertion of this pattern. We also used rearrangement inequality, Chebyshev's sum inequality and a weighted Hölder's inequality to generalize our results to the case when the exponents in these fractions are positive real numbers.
Introduction
Inequalities have now become an important topic in Mathematics. After Hardy, Littlewood, and Pólya first organized and systematically introduced the study of inequality in their book [2] in 1934, there have been more studies focusing on this area, and more books discussing this topic. Among those books, some are written as textbooks or research references, like [2] [3] and [5] , which concentrate on delivering the content with some problems provided as exercises. Some, on the other hand, are problem-centered organized, like [1] and [4] , and use many examples as tools to introduce different topics and techniques. During our one semester study, we chose Cvetkovski's book [1] as our main text, paired with other books as references. Very soon, we noticed some similarity among several examples and exercise problems in [1] .
Exercise (2.12, p.16) Prove that for every positive real number a, b, c we have
Problem (104, p.193) Prove that for all positive real numbers a, b, c we have
Problem (107, p.194) Prove that for all positive real numbers a, b, c we have
Similar problems also appear in [3] p.129 and p.148. It is then very natural to ask that, if we consider every positive integer m and n, will the inequality
We very soon find that the answer is positive. In section 2, we will use the same technique introduced in [1] to prove this generalization.
We also examined the following problems in the same book.
Problem (103, p.193) Let a, b, c > 0 be real numbers. Prove the inequality 
We then think, if we change our assertion to a more general case:
a n−p where m, n, p are positive integers, will it still be true? With the condition that m − p ≥ 0 and n − p ≥ 0, we also find the answer to be positive. These findings will be discussed in section 2 as well, applying the same technique used in [1] .
Readers will soon notice that, the main techniques we used in the proofs of the above two claims are mainly AM-GM inequality, and mathematical induction. However, limited by the method itself, these proofs only work when the powers m, n are positive integers. If we consider real numbers m and n, we will need a new method. Luckily, using rearrangement inequality, Chebyshev's sum inequality and a weighted Hölder's inequality, we successfully improve the results, and generalize these inequalities to the case when m and n are positive real numbers. That will be the main topic discussed in section 3.
Generalization of Old Results
In this section, we use the same techniques introduced in [1] to prove our first generalization. We start with the first assertion we asked earlier.
Lemma 2.1. Let a, b, c be positive real numbers, let m, n be integers, and
If mn ≤ 0, the inequality reverses.
Proof. We first consider the case when m, n are both non-negative. If m = n, l = 0, the inequality is true according to AM-GM inequality. If m > n, l > 0, applying AM-GM inequality again we have
Similarly, l b m c n + nc l ≥ mb l and l c m a n + na l ≥ mc l . Summing these three inequalities we have
which is equivalent to l
Since l > 0, we get the desired inequality by dividing both sides by l.
If m < n, −l > 0, we consider three similar inequalities:
Summing the above and reorganizing it we can easily get the desired inequality. If both m, n are negative, then the desired inequality can be written as
The proof of this inequality is identical to the proof of positive m, n case, hence is skipped here.
For the case when m ≥ 0 ≥ n, the claimed inequality can be written as
Applying AM-GM inequality we have
, which is equivalent to our claim.
The proof of the case when n ≥ 0 ≥ m is similar. It can be derived Before moving on to the proof of our second assertion, we want to point out that the first assertion, which was proved earlier, is actually a special case of our second assertion when p = n. Proof. For our convenience, we still let l = m − n. We will use mathematical induction to prove this inequality.
If n = 1, it is a special case in Lemma 2.1. Assume that the statement is true when n = k, an arbitrary but fixed number. Then
Summing the above and applying the inductive assumption, we have
According to the principle of mathematical induction, the claimed inequality is true.
We want to point out that if m, n are both negative numbers, it is obvious that the inequality should be reversed. In the case when m and n have opposite signs, it should be examined case by case. For example, the left side is bigger when m = 4, n = −1, the right side is bigger when m = 2, n = −3, and it depends on the values of a, b, and c to tell which side is bigger if m = 3, n = −2.
The next result is our second assertion.
Theorem 2.3. Let a, b, c be positive real numbers, and let m, n, p be positive integers such that m ≥ p and n ≥ p. We have
Proof. It is trivial when applying Lemma 2.2 and using mathematical induction on p.
The next result is just a special case when m = n in Theorem 2.3. When Cvetkovski introduced problem 103 in [1] (p.194), he used power mean inequality to prove that simple case. Here we would like to use the same method to prove this more generalized case. . We want to prove that x m + y m + z m ≥ x n + y n + z n , where m ≥ n and xyz = 1. If n = 0, this inequality is trivial according to AM-GM inequality. If n > 0, according to power mean inequality,
Therefore,
In this section we generalize some results from last section to the case when m, n are real numbers. We start with the extension of Lemma 2.1.
Lemma 3.1. Let a, b, c be positive real numbers, let m, n be real numbers, and let l = m − n. If mn ≥ 0 we have
Proof. We first consider the case when mn ≥ 0. Without loss of generality, we may assume that a ≤ b ≤ c. To prove our next result, we will need the following theorem (see Theorem 9.3 in [1] , p.97).
Theorem (Weighted Hölder's inequality). Let a 1 , a 2 , · · · , a n ; b 1 , b 2 , · · · , b n ; m 1 , m 2 , · · · , m n be three sequences of positive real numbers and p, q > 1 be such that 
